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THE ABC-CONJECTURE IMPLIES UNIFORM BOUNDS ON DYNAMICAL
ZSIGMONDY SETS
NICOLE R. LOOPER
Abstract. We prove that the abc-Conjecture implies upper bounds on Zsigmondy
sets that are uniform over families of unicritical polynomials over number fields. As
an application, we use the abc-Conjecture to prove that there exist uniform bounds
on the index of the associated arboreal Galois representations.
1. Introduction
Let K be a number field, with OK its ring of integers. Let f ∈ K[x], and let α ∈ K. Denote the
n-th iterate of f by fn. For n ≥ 2, we say a prime p of OK is a primitive prime divisor of f
n(α) if
fn(α) 6= 0, vp(f
n(α)) > 0, and vp(f
m(α)) ≤ 0 for all 1 ≤ m < n such that fm(α) 6= 0. If fn(α) does
not have any primitive prime divisors, then we say that n is in the Zsigmondy set of the forward
orbit {f i(α)}i≥0. Zsigmondy sets have been studied extensively in [2], [4], [9], [10], [13], and [18].
In [2], the authors show that if f is not dynamically ramified, then the abc-Conjecture implies that
either α satisfies f i(α) = f j(α) for some i 6= j, or fn(α) has a multiplicity one primitive prime
divisor for all but finitely many n. In another direction, Krieger proves unconditionally in [13] that
the cardinality of the Zsigmondy set associated to the critical orbit of fc(x) = x
d + c ∈ Q[x] is
bounded above uniformly over all c ∈ Q such that fc is not post-critically finite.
In this article, we address the problem of finding bounds on the Zsigmondy sets of unicritical
polynomials f(x) = (x− γ)d + c ∈ OK [x], for a given number field K and degree d ≥ 2. It is easy
to show that there does not exist a uniform bound on the sizes of these Zsigmondy sets across all
such maps. For example, given any such f and any α ∈ K with infinite forward orbit under f , if
we let M(z) = z − fk(α) for any k, then MfM−1 has k in its Zsigmondy set. To treat this, we
introduce a quantity ν(f) that measures how the maximal height of the coefficients of f compares
to the height of f in moduli space. In the quadratic case, we assume a standard Height Uniformity
Conjecture. This conjecture is a consequence of Vojta’s Conjecture [6]. We remark that Vojta’s
Conjecture in fact implies the abc-Conjecture [19].
Theorem 1.1. If d ≥ 3, assume the abc-Conjecture for K; if d = 2, assume further the Height
Uniformity Conjecture (see Conjecture 5.4) and that K = Q or K is an imaginary quadratic field.
Let Pd = {f(x) = (x− γ)
d + c ∈ K[x] | c− γ ∈ OK , c 6= 0}. For f(x) ∈ Pd, let
ν(f) =
h(γ)
max{1, h(c − γ)}
,
where h denotes the Weil logarithmic height. There exist positive constants D1,D2 depending only
on d and on K such that for all α ∈ K having infinite forward orbit under f , there is a multiplicity
1 primitive prime divisor of fn(α) for all n > D1 log
+(ν(f)) +D2.
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In particular, given any number field K and d ≥ 3, there is a uniform bound on the sizes of
Zsigmondy sets associated to {f i(α)}i≥0, where f(x) = x
d + c ∈ OK and α ∈ K has infinite
forward orbit under f .
Theorem 1.1 is partly motivated by an application to dynamical Galois theory. Let f ∈ K[x] of
degree d ≥ 2 be such that fn(x) has dn distinct roots in K for all n ≥ 1. Consider the pre-image
tree associated to f , whose vertices are given by
T =
⊔
n≥0
f−n(0),
and where two vertices y ∈ f−n(0) and z ∈ f−n+1(0) are connected by an edge if and only if
f(y) = z. As f is defined over K, the absolute Galois group Gal(K/K) acts on T by bijections,
and preserves edge connectivity relations. When f is unicritical and K contains a primitive d-th
root of unity, Gal(K/K) acts by cyclic permutations on the roots of f(x)− α for any α ∈ T . One
thereby obtains a representation
ρf : Gal(K/K)→ [Cd]
∞,
where Cd denotes a cyclic permutation group generated by a d-cycle, and [Cd]
∞ is the infinite
iterated wreath product of Cd. The image of this representation has been a major object of study
in arithmetic dynamics [3, 5, 12]. One source of motivation for this interest is the following analogy
with Serre’s open image theorem in number theory. Let E/K be an elliptic curve. If l ∈ Z is a
prime, the inverse limit of the ln-torsion subgroups of E forms the l-adic Tate module Tl(E). If
E/K has complex multiplication, then the representation
ρE,l : Gal(K/K)→ Aut(Tl(E)) ∼= GL2(Zl)
has infinite index image [17]. Serre’s open image theorem addresses the case where E/K does not
have complex multiplication.
Theorem 1.2 (Serre, [15]). Let E be an elliptic curve over a number field K without complex
multiplication. Then the representation ρE,l arising from the Galois action on the l-adic Tate
module has finite index image in GL2(Zl).
This leads to the question of whether a uniform bound exists on this index: in other words, if
Gl(E) denotes the image of ρE,l, is there an N such that [Aut(Tl(E)) : Gl(E)] ≤ N for all elliptic
curves E/K without complex multiplication? The answer to this question is not yet known.
In the dynamical context, the map f ∈ K[x] plays the role of multiplication by l. If f is unicritical
and post-critically finite (PCF), then one can show that the image of ρf has infinite index in [Cd]
∞.
Otherwise, one might pose a similar question as for elliptic curves.
Question 1.3. Let d ≥ 2, and let K be a number field containing a primitive d-th root of unity.
Does there exist an N such that for all degree d, non-PCF, unicritical polynomials f(x) ∈ K[x]
irreducible over K, the image GK(f) of the representation
ρf : Gal(K/K)→ [Cd]
∞
has index at most N?
We remark that the irreducibility of f(x) over K rules out the obvious counterexamples to such
a claim. To date, the only known approach to such a question is to bound the index n such that
K(f−n(0))/K(f−n+1(0)) fails to have the maximal possible degree, which is dd
n−1
. This question
in turn hinges on a study of the critical orbit of f . Under mild assumptions on f , it suffices to
show that for all sufficiently large n, fn(γ) has a primitive prime divisor of appropriate multiplicity,
where γ is the unique finite critical point of f . Proving Galois uniformity as in Question 1.3 then
requires one to produce uniform bounds on Zsigmondy sets.
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As a corollary of the proof of Theorem 1.1, we deduce a theorem concerning the Galois uniformity
of unicritical polynomials over a given number field K. Call f(x) ∈ K[x] stable over K if fn(x) is
irreducible over K for all n ≥ 1. Let ν(f) be as in the statement of Theorem 1.1.
Theorem 1.4. Let d ≥ 2, and let K be a number field containing the d-th roots of unity. If d ≥ 3,
assume the abc-Conjecture for K; if d = 2, assume further the Height Uniformity Conjecture and
that K = Q or K is an imaginary quadratic field. Let τ ≥ 0. Then the index [[Cd]
∞ : GK(f)] is
uniformly bounded over all stable, non-PCF maps f(x) = (x− γ)d + c ∈ K[x] such that ν(f) ≤ τ .
Note that Theorem 1.4 does not require c−γ ∈ OK , in contrast to Theorem 1.1. In Section 7, we
exhibit an infinite family of quadratic non-PCF polynomials {fj}j≥2 stable over K = Q having the
property that for each j, the extension K(f−jj (0))/K(f
−j+1
j (0)) fails to have the maximal possible
degree 22
j−1
. This demonstrates that proving an affirmative answer to Question 1.3 would require
both a bound on the number of extensions K(f−n(0))/K(f−n+1(0)) failing to be maximal, as well
as a bound on the defect
dd
n−1
[K(f−n(0)) : K(f−n+1(0))]
.
On the other hand, proving a negative answer to Question 1.3 would likely require showing that
the above defect is unbounded across some family.
Acknowledgements. I would like to thank Laura DeMarco for helpful discussions regarding
this article, and Wade Hindes for introducing me to questions of Galois uniformity through his
thesis [5].
2. Preliminaries
We begin by introducing notation and basic definitions. If K/Q is a number field, and p is a
finite prime of K with residue field kp, we let
Np =
log(#kp)
[K : Q]
.
For any α ∈ K∗, the height of α is defined as
(1) h(α) = −
∑
primes p of OK
min{vp(α), 0}Np +
1
[K : Q]
∑
σ:K →֒C
max{log |σ(α)|, 0},
where vp is the standard p-adic valuation. (Note that we do not identify complex embeddings
σ : K →֒ C in any way.) Set h(0) = 0. For a number field K, let MK denote the set of distinct
absolute values of K extending those on Q. Let M∞K denote the set of archimedean places of K.
Then the height h(α) of α ∈ K∗ can alternatively be expressed as
(2) h(α) =
1
[K : Q]
∑
v∈MK
[Kv : Qv] log max{1, |α|v}.
If α ∈ K∗, then from the product formula, we have the inequality
(3)
∑
vp(α)>0
vp(α)Np ≤ h(α).
We will use this inequality repeatedly in §4 and §5.
The canonical height attached to f ∈ Q[x] is by definition
hˆf (α) = lim
n→∞
1
dn
h(fn(α))
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for α ∈ Q. It satisfies the transformation rule
hˆf (f
n(α)) = dnhˆf (α).
The following is a standard lemma about heights which will be essential to later proofs.
Lemma 2.1. [1, Proposition 1.5.15] Let K be a number field. For any α1, α2, . . . , αn ∈ K,
h(α1 + · · · + αn) ≤ log n+ h(α1) + · · · + h(αn).
Proof. For v ∈MK , choose iv to satisfy max{|α1|v, . . . , |αn|v} = |αiv |v. Since
|α1 + · · ·+ αn|v ≤ ǫv|αiv |v,
where ǫv = n if v is archimedean, and ǫv = 1 otherwise, it follows that
logmax{1, |α1 + · · ·+ αn|v} ≤ log ǫv + logmax{1, |αiv |v} ≤ log ǫv +
n∑
i=1
log max{1, |αi|v}.
Noting that
1
[K : Q]
∑
v∈MK
[Kv : Qv] log ǫv =
log n
[K : Q]
∑
v∈M∞
K
[Kv : Qv] = log n
and applying (2) completes the proof. 
Lemma 2.2. Let d ≥ 2, and let f(x) = xd + c ∈ Q[x]. For any α ∈ Q,
|h(α) − hˆf (α)| ≤
1
d− 1
(h(c) + log(2)).
Proof. By Lemma 2.1, we have
|dh(α) − h(f(α))| ≤ h(c) + log2.
Taking a telescoping sum, we obtain
lim
n→∞
∣∣∣∣h(α)− 1dnh(fn(α))
∣∣∣∣ = limn→∞
n−1∑
j=0
1
dj
∣∣∣∣f j(α)− 1df j+1(α)
∣∣∣∣
≤ lim
n→∞
n−1∑
j=0
1
dj
[(1/d)(h(c) + log2)] =
1
d− 1
(h(c) + log2).

Lemma 2.3. Fix d ≥ 2, and let K be a number field. There exists a κ > 0 depending only on d
and on K such that
h(fn(α)) ≥ κdnmax{1, h(c)} −
1
d− 1
(h(c) + log2)
for all f(x) = xd + c ∈ OK [x] and all α ∈ K having infinite forward orbit under f .
Proof. Let f(x) = xd + c ∈ OK [x], and let β ∈ K be such that hˆf (β) 6= 0, and hˆf (β) ≤ hˆf (α) for
all α ∈ K such that hˆf (α) 6= 0. Then
hˆf (f
n(β)) ≤ hˆf (f
n(α))
for all n ≥ 1 and all α ∈ K such that hˆf (α) 6= 0. From Theorem 1 of [8], we know that there exists
a κ(d,K) > 0 such that
(4) hˆf (β) ≥ κmax{1, h(c)}.
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Moreover, by Lemma 2.2,
|h(fn(α)) − hˆf (f
n(α))| ≤
1
d− 1
(h(c) + log2),
and thus
h(fn(α))− hˆf (f
n(β)) ≥ −
1
d− 1
(h(c) + log2)
for all α ∈ K having infinite forward orbit under f . As hˆf (f
n(β)) = dnhˆf (β), (4) implies that
h(fn(α)) ≥ dn · κmax{1, h(c)} −
1
d− 1
(h(c) + log2)
for all α ∈ K having infinite forward orbit under f . 
Remark. The assumptions that f(x) is monic and that c − γ ∈ OK in Theorem 1.1 are necessary
solely as a result of the fact that the proof of Theorem 1.1 relies on Lemma 2.4; Lemma 2.4 in turn
requires the map f(x) to be of this form in order for the constant κ to depend only on d and K.
We further note that Lemma 2.4 (and hence, Theorem 1 of [8]) constitutes a crucial ingredient in
the proof of every result in §4 and §5, with the exception of Lemma 5.3.
The additional requirement that c 6= 0 in Theorem 1.1 arises because it is needed for Proposition
4.2 to hold.
Lemma 2.4. Let f(x) = xd + c ∈ Q[x], with d ≥ 2. For any α ∈ Q,
h(fn(α)) > dn
(
h(α) −
2
d− 1
max{1, h(c)}
)
.
Proof. From Lemma 2.1, we have
h(f(α)) ≥ |dh(α) − h(c)| − log2
and hence
h(f(α))− dh(α) ≥ −2max{h(c), log 2} ≥ −2max{1, h(c)}
for all α ∈ Q. Next, observe that
1
dn
h(fn(α))− h(α) =
n−1∑
j=0
1
dj
(
1
d
h(f j+1(α)) − h(f j(α))
)
≥

n−1∑
j=0
1
dj

(−2
d
)
max{1, h(c)}
>

 ∞∑
j=0
1
dj

(−2
d
)
max{1, h(c)}
=
−2
d− 1
max{1, h(c)}.
Therefore
h(fn(α)) > dn
(
h(α) −
2
d− 1
max{1, h(c)}
)
.

We now address the upper bound on h(fn(α)).
Lemma 2.5. Let d ≥ 2, and let f(x) = xd + c ∈ Q[x], where d ≥ 2. For any α ∈ Q,
h(fn(α)) <
dn
d− 1
(log2 + h(c)) + dnh(α).
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Proof. By Lemma 2.1, we have
h(f(α)) − dh(α) ≤ log2 + h(c).
Thus
1
dn
h(fn(α))− h(α) =
n−1∑
j=0
1
dj
(
1
d
h(f j+1(α)) − h(f j(α))
)
≤
n−1∑
j=0
1
dj+1
(log2 + h(c))
<
∞∑
j=0
1
dj+1
(log2 + h(c)) =
1
d− 1
(log2 + h(c)).
Therefore we obtain
h(fn(α)) <
dn
d− 1
(log2 + h(c)) + dnh(α).

3. Height bounds for unicritical polynomials
To prove Theorems 6.1 and 6.2, we formulate generalizations of Lemmas 2.3, 2.4, and 2.5 to the
case when the finite critical point is nonzero. The proofs follows quickly from the γ = 0 case; we
have separated the statements for ease of reading. As previously, let d ≥ 2, let K be a number field
with OK its ring of integers, and let Pd = {f(x) = (x− γ)
d + c ∈ K[x] | c− γ ∈ OK , c 6= 0}.
Lemma 3.1. There exists a κ > 0 depending only on d and on K such that
h(fn(α)) ≥ κdnmax{1, h(c − γ)} −
1
d− 1
(h(c − γ) + log2)− h(γ)− log2
for all f(x) ∈ Pd and all α ∈ K having infinite forward orbit under f .
Proof. Let f˜(x) = xd + c− γ, so that fn(α) = f˜n(α− γ) + γ. From Lemma 2.3, we have
h(f˜n(α− γ)) ≥ κdnmax{1, h(c − γ)} −
1
d− 1
(h(c− γ) + log 2).
Applying Lemma 2.1 finishes the proof. 
Lemma 3.2. For any f(x) = (x− γ)d + c ∈ Q[x], and any α ∈ Q,
(5) h(fn(α)) > dn
(
h(α− γ)−
2
d− 1
max{1, h(c − γ)}
)
− h(γ) − log2.
Proof. From Lemma 2.4, we know that
h(f˜n(α− γ)) > dn(h(α− γ)−
2
d− 1
max{1, h(c − γ)}.
Lemma 2.1 again yields the result. 
Lemma 3.3. For any f(x) = (x− γ)d + c ∈ Q[x], and any α ∈ Q,
h(fn(α)) <
dn
d− 1
(log2 + h(c− γ)) + dnh(α− γ) + h(γ) + log2.
Proof. Lemma 2.5 implies
h(f˜n(α− γ)) <
dn
d− 1
(log 2 + h(c− γ)) + dnh(α − γ).
By Lemma 2.1, we obtain the desired result. 
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4. The abc-Conjecture and primitive prime divisors
In this section, we introduce the abc-Conjecture for number fields, and use it to prove Proposition
4.2. We define several pieces of notation. Recalling our definition of h(α) for α ∈ K from (1), we
extend this definition to an n-tuple. For (z1, . . . , zn) ∈ K
n\{(0, . . . , 0)} with n ≥ 2, let
h(z1, . . . , zn) =
∑
primes p of OK
min{vp(z1), . . . , vp(zn)}Np+
1
[K : Q]
∑
σ:K →֒C
max{log|σ(z1)|, . . . , log|σ(zn)|}.
Note that this definition of the height agrees with the one given in (1) if we write α ∈ K in
projective coordinates as (α, 1). For any (z1, . . . , zn) ∈ (K
∗)n, n ≥ 2, we define
I(z1, . . . , zn) = {primes p of OK | vp(zi) 6= vp(zj) for some 1 ≤ i, j ≤ n}
and let
rad(z1, . . . , zn) =
∑
p∈I(z1,...,zn)
Np.
The abc-Conjecture for a number field K is as follows.
Conjecture 4.1. For any ǫ > 0, there exists a constant CK,ǫ > 0 such that for all a, b, c ∈ K
∗
satisfying a+ b = c, we have
h(a, b, c) < (1 + ǫ)(rad(a, b, c)) + CK,ǫ.
As in the introduction, let Pd = {f(x) = (x− γ)
d + c ∈ K[x] | c− γ ∈ OK , c 6= 0}.
Proposition 4.2. Assume the abc-Conjecture for K. Fix d ≥ 2, and let τ ≥ 0. For every ǫ > 0,
there exists some N1 = N1(d, τ,K, ǫ) such that for all f(x) ∈ Pd with ν(f) ≤ τ , and for all α ∈ K
with infinite forward orbit under f ,∑
vp(fn(α))>0
Np > (d− 1− ǫ)h(f
n−1(α))
for all n ≥ N1.
Proof. Let f(x) = (x− γ)d+ c ∈ Pd with ν(f) ≤ τ , and let α ∈ K have infinite forward orbit under
f . As c 6= 0, the abc-Conjecture for K implies that for any given ǫ1 > 0,
(6) (1− ǫ1)h((x− γ)
d + c, (x − γ)d, c) ≤
∑
p∈I(c,(x−γ)d+c,(x−γ)d)
Np
if x ∈ K, x − γ, (x − γ)d + c ∈ K∗, and the left-hand side is sufficiently large. We would like to
show that there exists an Nτ,ǫ1 such that
(7) (1− ǫ1)h((x − γ)
d + c) ≤
∑
p∈I(c,(x−γ)d+c,(x−γ)d)
Np
when x = fn−1(α) and n ≥ Nτ,ǫ1 . To do this, we first claim that for any ǫ2 > 0, there exists an
Nτ,ǫ2 depending only on τ, ǫ2, d, and K such that
(8) max{1, h(c)} ≤ ǫ2h((x− γ)
d + c),
(9) h(γ) ≤ ǫ2h((x− γ)
d + c),
and
(10) h(α) ≤ ǫ2h((x− γ)
d + c)
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if x = fn−1(α) and n ≥ Nτ,ǫ2 . (We will actually only be using (8) in proving (7), and will use (9)
and (10) later in the proof.) By Lemma 3.1,
(11) h(fn(α)) ≥ κdnmax{1, h(c − γ)} −
1
d− 1
(h(c − γ) + log 2)− h(γ)− log 2.
There are two cases:
(i) h(α− γ) ≥ 4d−1 max{1, h(c − γ)}
(ii) h(α− γ) < 4d−1 max{1, h(c − γ)}.
In Case (i), we have from (5) that
(12) h(fn(α)) ≥
dn
2
h(α− γ)−
τ
2
h(α− γ)− log 2.
Moreover,
h(c) ≤ h(γ) + h(c− γ) + log 2 ≤ τ max{1, h(c − γ)} + h(c− γ) + log 2
≤
(τ + 1)(d − 1)
4
h(α − γ) + log 2.
(13)
Comparing (12) and (13) completes the proof of (8) in Case (i).
In Case (ii), one obtains from (11) that
h(fn(α)) ≥ κdnmax{1, h(c − γ)} −
1
d− 1
(h(c − γ) + log 2)− τ max{1, h(c − γ)} − log 2
> κ
(
dn −
2
d− 1
)
max{1, h(c − γ)} − τ max{1, h(c − γ)} − log 2,
(14)
where the second inequality follows from the fact that
log 2 + h(c − γ) < 2max{1, h(c − γ)}.
Combining the first line of (13) with the second line of (14) proves the claim in (8). A similar proof
holds for (9) and (10).
In projective coordinates,
((x− γ)d + c, c, (x − γ)d) =
(
(x− γ)d + c
c
, 1,
(x− γ)d
c
)
for any x ∈ K. We now compare the height of this point in P2(K) to that of ((x − γ)d + c, 1, 1) ∈
P2(K). One checks by the triangle inequality that for any x ∈ K and any complex embedding
σ : K →֒ C,
log max{|σ((x−γ)d+c)|, 1}−log max
{∣∣∣∣σ
(
(x− γ)d + c
c
)∣∣∣∣ , 1,
∣∣∣∣σ
(
(x− γ)d
c
)∣∣∣∣
}
≤ log max{1, |σ(c)|},
and for any finite prime p of OK ,
min{vp((x− γ)
d + c)), 0} −min
{
vp
(
(x− γ)d + c
c
)
, 0, vp
(
(x− γ)d
c
)}
≤ max{0, vp(c)}.
Combining these two inequalities and summing over all places, we obtain:
h((x− γ)d + c, 1, 1) − h
(
(x− γ)d + c
c
, 1,
(x− γ)d
c
)
≤ 2h(c).
Applying (8), therefore, we see from (6), (12), and (14) that for any ǫ1 > 0, there exists an Nτ,ǫ1
such that
(1− ǫ1)h((x − γ)
d + c) ≤
∑
p∈I(c,(x−γ)d+c,(x−γ)d)
Np
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when x = fn−1(α) and n ≥ Nτ,ǫ1 . (By (8), if x = f
n−1(α) and n ≥ Nτ,ǫ1 , then x − γ 6= 0 and
(x− γ)d + c 6= 0, as required in order for (6) to hold.)
As c − γ ∈ OK , the only primes p such that vp(f
n(α)) < 0 are those such that vp(α) < 0 or
vp(c) < 0. Let x = f
n−1(α). We have
∑
p∈I(c,(x−γ)d+c,(x−γ)d)
Np ≤
∑
vp(c(x−γ)d(x−γ)d+c))>0
Np + h(α) + h(c)
≤
∑
vp(c)>0
Np +
∑
vp((x−γ)d)>0
Np +
∑
vp((x−γ)d+c)>0
Np + h(α) + h(c)
≤ 2h(c) + h(x− γ) + h(α) +
∑
vp((x−γ)d+c)>0
Np
(15)
when n ≥ Nτ,ǫ1 ; here the third inequality follows from (3). We also have
h((x − γ)d + c) ≥ |dh(x − γ)− h(c)| − log(2).
Therefore, (7) and (15) yield
∑
vp(fn(α))>0
Np > (1− ǫ1)(dh(f
n−1(α) − γ)− h(c) − log2)− 2h(c) − h(α) − h(fn−1(α)− γ)
for all n ≥ Nτ,ǫ1 . Using Lemma 2.1, this implies
∑
vp(fn(α))>0
Np > d(1 − ǫ1)(h(f
n−1(α)− h(γ)− log 2)− h(fn−1(α)) − h(γ)− log 2
− (1− ǫ1)(h(c) − log 2)− 2h(c) − h(α)
= (d− dǫ1 − 1)h(f
n−1(α))− (d− dǫ1 + 1)(h(γ) + log 2)
− (1− ǫ1)(h(c) − log 2)− 2h(c) − h(α)
(16)
for all n ≥ Nτ,ǫ1 . From (8), (9), and (10), it follows that for any ǫ3 > 0, there exists an Nτ,ǫ3
depending only on τ, ǫ3, d and K such that
(17) (d− dǫ1 + 1)(h(γ) + log 2)− (1− ǫ1)(h(c) − log 2)− 2h(c) − h(α) ≤ ǫ3h(f
n−1(α))
for all n ≥ Nτ,ǫ3 . Choosing ǫ1 and ǫ3 such that dǫ1 + ǫ3 < ǫ, and taking N1 = max{Nτ,ǫ1 , Nτ,ǫ3},
(16) and (17) together imply the statement of Proposition 4.2. 
The proof of the next proposition is similar to that of Proposition 5.1 in [2].
Proposition 4.3. Let d ≥ 2, and let δ > 0. There exists an Nτ,δ such that for all f(x) ∈ Pd with
ν(f) ≤ τ , and all α ∈ K having infinite forward orbit under f ,
∑
p∈Z
Np ≤ δh(f
n(α))
for all n ≥ Nτ,δ, where Z is the set of finite primes p in OK such that vp(f
n(α)) > 0, vp(f
i(α)) > 0
and f i(α) 6= 0 for some i < n.
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Proof. Since fn(α) = fn−k(fk(α)), observe that if vp(f
k(α)) > 0 and vp(f
n(α)) > 0 for some prime
p of OK , then vp(f
n−k(0)) > 0. It follows that if fn(α) 6= 0, then
∑
p∈Z
Np ≤
⌊n/2⌋∑
k=0
h(fk(α)) + h(fk(0))
<
⌊n/2⌋∑
k=0
h(γ) + log 2 +
dk
d− 1
(log 2 + h(c− γ)) + dkh(α− γ)
+
⌊n/2⌋∑
k=0
h(γ) + log 2 +
dk
d− 1
(log 2 + h(c− γ)) + dkh(γ)
≤
⌊n/2⌋∑
k=0
2 log 2 +
2dk
d− 1
(log 2 + h(c− γ)) + (dk + 2)h(γ) + dkh(α− γ)
≤ 2d⌊n/2⌋+1(log 2 + h(c − γ)) + d⌊n/2⌋+1(h(γ) + h(α− γ)) + (⌊n/2⌋ + 1)(2 log 2)
< 4d⌊n/2⌋+1max{1, h(c − γ)}+ d⌊n/2⌋+1(τ max{1, h(c − γ)}+ h(α− γ)) + 2 log 2(⌊n/2⌋ + 1),
where the first inequality follows from (3) and the second inequality follows from Lemma 3.3. As
in the proof of Proposition 4.2, we divide the proof into two cases:
(i) h(α− γ) ≥ 4d−1 max{1, h(c − γ)}
(ii) h(α− γ) < 4d−1 max{1, h(c − γ)}.
In Case (i), we have
∑
p∈Z
Np ≤ (d− 1)d
⌊n/2⌋+1h(α − γ) + d⌊n/2⌋+1h(α − γ)
(
τ(d− 1)
4
+ 1
)
+ 2 log 2(⌊n/2⌋ + 1),
assuming fn(α) 6= 0. The lower bound given in (12) then leads to the desired result in Case (i). In
Case (ii), the upper bound on
∑
p∈Z Np given above, combined with (14), completes the proof. 
5. Height Uniformity Conjecture applied to the quadratic case
In this section, we use a Height Uniformity Conjecture to address the case where f is quadratic.
The version of the Height Uniformity Conjecture we cite follows from Vojta’s Conjecture [6]. For
a version involving integral points on curves of genus at least one, see [7].
Let d ≥ 2, let K be a fixed number field, and let Pd = {f(x) = (x − γ)
d + c ∈ K[x] | c − γ ∈
OK , c 6= 0}. For f(x) = adx
d + ad−1x
d−1 + · · · + a1x + a0 ∈ Q[x], let h(f) = max{h(ai)}0≤i≤d.
(Note that this is somewhat different from the usual definition.) We first prove three lemmas that
will be needed to prove Theorem 1.1 when f is quadratic.
Lemma 5.1. Fix d ≥ 2, and i ≥ 1. For every τ ≥ 0 and every C1, C2 ∈ R, there exists an Nτ,1
such that for all f(x) ∈ Pd with ν(f) ≤ τ ,
(18) h(fn(α)) > C1h(f
i) + C2
for all n ≥ Nτ,1 whenever α ∈ K has infinite forward orbit under f .
Proof. Let f(x) ∈ Pd be such that ν(f) ≤ τ , and let α ∈ K have infinite forward orbit under f . By
Lemma 2.1, we have
h(f i) ≤ κ1max{h(γ), h(c)} + κ2
for some constants κ1, κ2 that depend only on i and d. Therefore, there exists a constant κ3(d, i)
such that
h(f i) ≤ κ3max{1, h(γ), h(c)}.
THE ABC-CONJECTURE IMPLIES UNIFORM BOUNDS ON DYNAMICAL ZSIGMONDY SETS 11
Combining this with (8) and (9) finishes the proof. 
Remark. From (12) and (14), we see that for any given choices of C1 and C2, the d
n needed for
(18) to hold grows linearly in ν(f); thus, Nτ,1 grows linearly in log
+ τ . We will make use of this
fact in the proof of Theorem 6.2.
Lemma 5.2. Let d = 2, and let ǫ > 0. For every τ ≥ 0, there exists an Nτ,ǫ such that for all
f(x) ∈ P2 with ν(f) ≤ τ ,
(1− ǫ)h(fn(α)) ≤ 2h(fn−1(α)) ≤ (1 + ǫ)h(fn(α))
for all n ≥ Nτ,ǫ and all α ∈ K having infinite forward orbit under f .
Proof. Let f(x) ∈ P2, and let α ∈ K have infinite forward orbit under f . For all x ∈ Q, and all
degree d polynomials g ∈ Q[x], we have from [16, Theorem 3.11] that
(19) h(g(x)) = dh(x) +Od(h(g) + 1).
However, Lemma 5.1 implies that for every B > 1, there exists an Nτ,B (depending on B, τ , and
K) such that
h(fn(α)) ≥ B(h(f) + 1)
whenever n ≥ Nτ,B . Letting B be sufficiently large, we conclude from taking d = 2 and f = g in
(19) that
(1− ǫ)h(fn(α)) ≤ 2h(fn−1(α)) ≤ (1 + ǫ)h(fn(α))
for all n ≥ Nτ,C . 
In order to prove Proposition 5.5, we also require the following lemma, which is similar to Lemma
2.2 of [4]. For a number field K and a finite set of primes S of OK containing the archimedean
places, let OK,S = {α ∈ K : vp(α) ≥ 0, p /∈ S}, and let O
∗
K,S denote the unit group of OK,S.
Lemma 5.3. Let K be a number field, let α ∈ K, and let f(x) = (x− γ)d + c ∈ K[x], with d ≥ 2.
Let l ≥ 2, and let S be the minimal set of primes of OK such that S contains the archimedean
places, S contains each finite prime p of OK where α,γ, or c has negative valuation, and OK,S is
a UFD. For every n ≥ 1, there is a decomposition
(20) fn(α) = undny
l
n, for some yn ∈ OK,S, un ∈ O
∗
K,S, dn ∈ OK
satisfying the following properties:
(1) 0 ≤ vp(dn) ≤ l − 1 for all p /∈ S
(2) 0 ≤ vp(dn) < hK for all p ∈ S, where hK is the class number of K
(3) The height h(un) satisfies h(un) ≤ C(l − 1)
2(h(α) + h(γ) + h(c)) for all n, where C is some
constant depending only on K.
Proof. Since fn(α) ∈ OK,S, we can write f
n(α) = undny
l
n, where dn, yn ∈ OK,S and un ∈ O
∗
K,S.
We can also assume that 0 ≤ vp(dn) ≤ l − 1 for all p /∈ S; we do this by writing
dn = p
e1
1 p
e2
2 · · · p
es
s (p
f1
1 p
f2
2 · · · p
fs
s )
l
where the pi are primes inOK,S , and the ei, fi are integers such that vpi(dn) = fil+ei and 0 ≤ ei < l.
Replacing dn with (p
e1
1 p
e2
2 · · · p
es
s ) and yn with (ynp
f1
1 p
f2
2 · · · p
fs
s ), we can assume 0 ≤ vp(dn) ≤ l − 1
for all p /∈ S.
Now let pi ∈ S. There exists an ai ∈ OK and hK ≥ ni ≥ 1 such that p
ni
i = (ai). Therefore,
writing vpi(dn) = fini + ri for some 0 ≤ ri < ni and setting d
′
n = dn/(
∏
i a
fi
i ), we get 0 ≤ vp(d
′
n) =
vp(dn) ≤ l − 1 for all p /∈ S and vpi(d
′
n) = ri < hK for all pi ∈ S. Substituting d
′
n for dn and
un(
∏
i a
fi
i ) for un, conditions (1) and (2) are both met. Note also that now dn ∈ OK , as required
in (20).
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Turning to (3), let S′ be the minimal set of primes of OK containing the archimedean places of
K such that OK,S′ is a UFD. Suppose S contains some prime not in S
′. Absorbing l-th powers into
yn, we can write
un = q
s1
1 q
s2
2 · · · q
sr
r ,
where the qi are pairwise non-associate prime elements of OK,S′ and 0 ≤ si ≤ l − 1. Then each
qi ∈ qi for a unique prime ideal qi of OK not in S
′. Write
qi = v
r1
1 v
r2
2 · · · v
rt
t
for some basis {vj}
t
j=1 of OK,S′∪{qi}; we can assume 0 ≤ ri ≤ l − 1, by absorbing l-th powers into
yn. Let ∆K/Q denote the discriminant of K, let rK = rank(O
∗
K,S′), and let s be the number of
complex places of K, with conjugate places identified. Let
D =
1
2
log |∆K/Q|+ s log(2/π),
and let mqi be the maximal norm of a finite place contained in S
′ ∪ {qi}. By Theorem 6.2 of [14],
the basis {vj}
t
j=1 can be chosen so that
h(vj) ≤ D + log(mqi)
for all j. But we can bound the right-hand side from above by B log(NK/Q(qi)), where B is some
constant depending only on K. Since rank(O∗K,S′∪{qi}) = rK + 1, this implies
h(qi) = h(v
r1
1 v
r2
2 · · · v
rt
t ) ≤ (l − 1)B log(NK/Q(qi))(rK + 1).
Hence
h(un) ≤ B(l − 1)
2(rK + 1)
r∑
i=1
log(NK/Q(qi))
≤ B(l − 1)2(rK + 1)[K : Q]
∑
p∈S\S′
Np
≤ B(l − 1)2(rK + 1)[K : Q](h(α) + h(γ) + h(c))
Taking C = B(rK + 1)[K : Q] completes the proof when S − S
′ 6= ∅. A similar argument proves
the lemma when S = S′.

Definition. For a given n ≥ 1, let Y be the set of primes p in OK such that vp(f
n(α)) > 0, and
let Y1, Y2 denote the subset of Y consisting of multiplicity 1 and 2 divisors of f
n(α), respectively.
Let Y3+ denote the set of primes in Y dividing f
n(α) to multiplicity at least 3.
We now introduce the Height Uniformity Conjecture.
Conjecture 5.4. Let K be a number field. For each d ≥ 5, there exist positive constants C1 and
C2 such that for all F ∈ K[x] of degree d with disc(F ) 6= 0, if x, y ∈ K satisfy y
2 = F (x), then
h(x) ≤ C1h(F ) + C2.
Proposition 5.5. Let K = Q or let K be an imaginary quadratic field. Assume the abc-Conjecture
for K and the Height Uniformity Conjecture. Let τ ≥ 0. Then for any sufficiently small ǫ > 0,
there exists an N = N(τ, ǫ,K) such that for all f(x) ∈ P2 with ν(f) ≤ τ ,∑
p∈Y1
Np > ǫh(f
n(α))
for all α ∈ K having infinite forward orbit under f , and for all n ≥ N .
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Proof. Let f(x) ∈ P2 with ν(f) ≤ τ , and let α ∈ K. Write f
n(α) = undny
2
n as in (20) with l = 2.
Then for n ≥ 3, fn−3(α) is the x-coordinate of a K-rational point on the affine curve
undnY
2 = f3(X),
or equivalently, on the curve
Y 2 = undnf
3(X)
over K. By the Height Uniformity Conjecture, we have
h(x) ≤ C1(h(undn) + h(f
3)) + C2 ≤ 2C1max{h(undn), h(f
3)}+ C2.
On the other hand, by Lemma 5.1, there exists an Nτ,1 such that for all f(x) ∈ Pd with ν(f) ≤ τ ,
h(fn−3(α)) > 2C1h(f
3) + C2
for all n ≥ Nτ,1 whenever α has infinite forward orbit under f . Thus, when n ≥ Nτ,1,
h(fn−3(α)) ≤ 2C1h(undn) + C2,
with h(undn) > 0. From Northcott’s Theorem, it follows that for all such f(x) ∈ Pd and α ∈ K,
there is some 1 > δ1 > 0 such that
(21) h(fn−3(α)) ≤
1
δ1
h(undn)
for all n ≥ Nτ,1. As K = Q or K is an imaginary quadratic field, and we can assume dn ∈ OK is
nonzero, we have
h(dn) =
∑
vp(dn)>0
vp(dn)Np.
From Lemma 5.3, therefore, one obtains:
h(undn) ≤ h(un) + h(dn) ≤ C(h(α) + h(γ) + h(c)) +
∑
vp(fn(α)) odd
p/∈S
Np + hK
∑
p finite in S
Np
≤ hK
∑
p finite in S′
Np + (C + hK)(h(α) + h(γ) + h(c)) +
∑
vp(fn(α)) odd
Np
Let ǫ2 > 0 be such that ǫ2 < δ1/2. By Lemma 5.1, and by (8),(9), and (10), there exists an Nτ,ǫ2
such that
hK
∑
p finite in S′
Np + (C + hK)(h(α) + h(γ) + h(c)) ≤ ǫ2h(f
n−3(α))
for all n ≥ Nτ,ǫ2 . Applying (21), we see that∑
p∈Y1∪Y3+
Np + ǫ2h(f
n−3(α)) ≥ δ1h(f
n−3(α))
and hence by our choice of ǫ2,
(22)
∑
p∈Y1∪Y3+
Np ≥
δ1
2
h(fn−3(α))
for all n ≥ max{Nτ,1, Nτ,ǫ2}. Choose a positive ǫ ≤ δ1/216; we note for future use that for this
choice of ǫ, we automatically have
(23)
1/2− 3ǫ
1 + ǫ
>
2
5
since δ1 < 1. Then by (22), for each n ≥ max{Nτ,1, Nτ,ǫ2}, either
(i)
∑
p∈Y3+
Np ≥ 54ǫh(f
n−3(α))
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or
(ii)
∑
p∈Y1
Np ≥ 54ǫh(f
n−3(α)).
Suppose that some n ≥ max{Nτ,1, Nτ,ǫ2} satisfies (i). Note that by Lemma 5.2, there exists an Nτ,2
such that
h(fn−3(α)) >
1
9
h(fn(α))
if n ≥ Nτ,2. Thus, from the Case (i) condition, we obtain
(24)
∑
p∈Y3+
Np ≥ 6ǫ
∑
p∈Y
Np ≥ 6ǫ
∑
p∈Y2
Np
if n ≥ max{Nτ,1, Nτ,ǫ2 , Nτ,2}. By Lemma 5.2 along with Proposition 4.2, there exists an Nτ,ǫ such
that if n ≥ Nτ,ǫ, we have
(25) (1− ǫ)h(fn(α)) ≤ 2
∑
p∈Y
Np.
This gives
(1− ǫ)
∑
p∈Y1
Np + (2− 2ǫ)
∑
p∈Y2
Np + (3− 3ǫ)
∑
p∈Y3+
Np ≤ 2
∑
p∈Y
Np
if n ≥ max{Nτ,1, Nτ,ǫ2 , Nτ,2, Nτ,ǫ}. In this case, (24) reduces to
(1− ǫ)
∑
p∈Y1
Np + (2 + ǫ)
∑
p∈Y2
Np + (5/2 − 3ǫ)
∑
p∈Y3+
Np ≤ 2
∑
p∈Y
Np.
Subtracting 2
∑
p∈Y Np from each side, we get
(−1− ǫ)
∑
p∈Y1
Np + ǫ
∑
p∈Y2
Np + (1/2 − 3ǫ)
∑
p∈Y3+
Np ≤ 0.
Simplifying and applying (25), one obtains
(26)
∑
p∈Y1
Np ≥
1/2− 3ǫ
1 + ǫ
∑
p∈Y3+
Np ≥
1/2− 3ǫ
1 + ǫ
· 6ǫ
∑
p∈Y
Np > 3ǫ(1 − ǫ)
(
1/2 − 3ǫ
1 + ǫ
)
h(fn(α)).
By Lemma 5.2, we can assume that for all n ≥ Nτ,ǫ, and all α ∈ K with infinite forward orbit
under f , we have h(fn(α)) > h(fn−3(α)). Therefore (23) and (26) imply
(27)
∑
p∈Y1
Np >
6
5
ǫ(1− ǫ)h(fn−3(α))
if n ≥ max{Nτ,1, Nτ,ǫ2 , Nτ,2, Nτ,ǫ} satisfies (i).
On the other hand, if some n ≥ max{Nτ,1, Nτ,ǫ2 , Nτ,2, Nτ,ǫ} satisfies (ii), then (27) holds trivially.
Therefore ∑
p∈Y1
Np ≥
6
5
ǫ(1− ǫ)h(fn−3(α)) >
2
15
ǫ(1− ǫ)h(fn(α))
for any n ≥ max{Nτ,ǫ, Nτ,ǫ2 , Nτ,1, Nτ,2}. For all sufficiently small choices of positive ǫ ≤ δ1/216,
substituting 8ǫ for ǫ completes the proof.

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6. Uniform bounds on Zsigmondy sets
Throughout this section, let K be a fixed number field, and let Pd be as in §4, §5, and the
introduction. For convenience, we restate the results of Theorem 1.1 as Theorems 6.1 and 6.2.
Theorem 6.1. Assume the abc-Conjecture for K. Let d ≥ 3, and let f(x) ∈ Pd. There exist
positive constants D1,D2 depending only on d and K such that if
n > D1 log
+ ν(f) +D2,
then fn(α) has a multiplicity 1 primitive prime divisor for all α ∈ K having infinite forward orbit
under f .
Theorem 6.2. Let f(x) ∈ P2, and suppose K = Q or K is an imaginary quadratic field. Assume
the abc-Conjecture for K and the Height Uniformity Conjecture. There exist positive constants
D3,D4 depending only on K such that if
n > D3 log
+ ν(f) +D4,
then fn(α) has a multiplicity 1 primitive prime divisor for all α ∈ K having infinite forward orbit
under f .
Fix d ≥ 2. For f(x) ∈ Pd, we define Nf to be the least N such that for all α ∈ K having infinite
forward orbit under f , there is a multiplicity 1 primitive prime divisor of fn(α) for all n ≥ N . (If
such an Nf does not exist, set Nf = ∞.) By Theorems 6.1 and 6.2, Vojta’s Conjecture implies
Nf <∞. Our next result reveals that Theorems 6.1 and 6.2 give the best possible upper bound on
Nf , assuming Nf <∞.
Theorem 6.3. Fix d ≥ 2. There exist constants D5 > 0 and D6 depending only on d such that
Nf ≥ D5 log
+ ν(f) +D6
for all f(x) ∈ Pd.
Proof of Theorem 6.1. As d ≥ 3, we see from Proposition 4.2 and Lemma 5.2 that for all sufficiently
small ǫ > 0, N1 = N1(d,K, τ, ǫ) satisfies∑
p∈Y1
Np > ǫh(f
n(α))
for all n ≥ N1. Let Yprim denote the set of multiplicity 1 primitive prime divisors of f
n(α). Letting
δ = ǫ/2 in Proposition 4.3, it follows that
(28)
∑
p∈Yprim
Np ≥
ǫ
2
h(fn(α))
for all n ≥ max{N1, Nτ,δ}. From the proofs of Propositions 4.2 and 4.3, we see that we can choose
N1 and Nτ,δ to grow at most linearly in log
+ τ ; in particular, there exists some M > 0 depending
only on d and on K such that if n ≥ 3 log+(ν(f)) +M , then fn(α) has a multiplicity 1 primitive
prime divisor for any α ∈ K having infinite forward orbit under f .

Proof of Theorem 6.2. As noted in the remark following the proof of Lemma 5.1, the Nτ,1 resulting
from the proof grows linearly in log+ τ . For a given choice of ǫ2, the same holds for the Nτ,ǫ2
produced in the proof of Proposition 5.5 using Lemma 5.1. Lemma 5.2 follows from Lemma 5.1,
so similarly, for a given choice of ǫ, the Nτ,2 and Nτ,ǫ produced in the course of the proof of
Proposition 5.5 grow linearly in log+ τ . Therefore max{Nτ,ǫ, Nτ,ǫ2 , Nτ,1, Nτ,2} grows linearly in
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log+ τ . Let δ = ǫ/2, where ǫ is as in the statement of Proposition 5.5, and let N be as in the
conclusion of Proposition 5.5. Then ∑
p∈Yprim
Np ≥
ǫ
2
h(fn(α))
for all n ≥ max{N,Nτ,δ}, where Nτ,δ is as in Proposition 4.3. As previously noted, Nτ,δ grows
linearly in log+ τ . This completes the proof. 
Proof of Theorem 6.3. Let f(x) ∈ Pd. Suppose γ, c are chosen so that f is non-PCF, and f
N (γ) = 0
for some N ; we can do this by writing f˜(x) = xd + (c− γ) where f˜ is non-PCF with c− γ ∈ OK ,
setting γ = −f˜N (0), and considering f = Mf˜M−1 = (x − γ)d + c, where M(x) = x + γ. Since
fN (γ) = 0, we see that Nf > N . On the other hand, by Lemma 2.5, N satisfies
h(γ) = h(f˜N (0)) <
dN
d− 1
(h(c− γ) + log 2),
so
log(d− 1) + log+
(
h(γ)
h(c− γ) + log 2
)
< N log d.
Since
h(c − γ) + log 2 < 2max{1, h(c − γ)},
one deduces that
log+(ν(f))− log 2 < N log d,
and thus, Nf must satisfy
1
log d
(
log+ ν(f)− log 2
)
< Nf .

7. Applications to Galois uniformity
In this section, we apply Theorems 6.1 and 6.2 to the question of Galois uniformity of unicritical
polynomials. Let d ≥ 2, and let K be a number field containing a primitive d-th root of unity. We
say f(x) ∈ K[x] is stable over K if fn(x) is irreducible over K for all n ≥ 1. If f(x) = (x−γ)d+c ∈
K[x], and Kn = Kn(f) denotes the splitting field of f
n(x), then we say Kn/Kn−1 is maximal if
Kn/Kn−1 has degree d
dn−1 . We use a standard lemma relating the maximality of Kn/Kn−1 to the
arithmetic properties of fn(γ).
Lemma 7.1 ([3]). Assume K contains a primitive d-th root of unity, and that f(x) = (x−γ)d+c ∈
K[x] is stable over K. Let n ≥ 2. Then Kn/Kn−1 is maximal if and only if for all p | d, f
n(γ) is
not a p-th power in Kn−1.
We will also invoke a lemma about the stability of unicritical polynomials. As we only need to
apply it to quadratic maps, we state it for the quadratic case. The statement in the general case is
similar.
Lemma 7.2 ([11]). Suppose f(x) = (x − γ)2 + c ∈ K[x] is irreducible over K. If, for all n ≥ 2,
fn(γ) is not a square in K, then f(x) is stable over K.
Theorem 7.3. Assume K contains a primitive d-th root of unity. If d ≥ 3, assume the abc-
Conjecture; if d = 2, assume further the Height Uniformity Conjecture, and that K = Q or K is an
imaginary quadratic field. Let τ ≥ 0. There exists an N = N(τ, d,K) such that for all non-PCF
maps f(x) = (x− γ)d + c ∈ K[x] stable over K with ν(f) ≤ τ , the extension Kn/Kn−1 is maximal
for all n ≥ N .
In particular, for all non-PCF maps f(x) = (x − γ)d + c ∈ K[x] stable over K with ν(f) ≤ τ ,
the index [[Cd]
∞ : GK(f)] is uniformly bounded.
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One might wonder whether the growth of our bound N in terms of τ is merely an artefact of the
use of Theorems 6.1 and 6.2. In fact, the greatest n such that Kn/Kn−1 fails to be maximal cannot
be bounded uniformly across all stable, non-PCF, unicritical f(x) ∈ K[x], without taking ν(f) into
account. As an example of this, we produce an infinite family of quadratic, stable, non-PCF maps
with the property that the maximal such n of each map is unbounded across the family.
Proposition 7.4. Let f(x) = x2 + 2, and let K = Q. For any i ≥ 2, let
fi(x) = f
(
x+ 2 +
f i(0)− 2
2
)
−
(
2 +
f i(0)− 2
2
)
∈ K[x].
Then Ki(fi)/Ki−1(fi) is not maximal.
Proof. First we show that each fi(x) is stable over Q. Fix an fi(x), and let γ be its unique finite
critical point. By Lemma 7.2, it suffices to show that fni (γ) is not a square in Q, and that fi(x)
is irreducible over Q. We accomplish the former by showing that v2(f
n
i (γ)) = 1 for all n. Indeed,
since v2(f
n(0)) = 1 for all n, we have
f i(0)− 2 = (f i−1(0))2 ≡ 4 (mod 8)
for all i ≥ 2. Thus
f i(0) − 2
2
≡ 2 (mod 8),
so
2 +
f i(0) − 2
2
≡ 4 (mod 8)
for all i ≥ 2. Since fi =MfM
−1 where M(x) = x− 2− f
i(0)−2
2 , and f
n(0) ≡ 2 or 6 (mod 8) for all
n, this implies that fni (γ) ≡ 2 or 6 (mod 8) for all n. Thus v2(f
n
i (γ)) = 1. As 2 is not a square in
Q, we conclude that for all n ≥ 1, fni (γ) is not a square in Q. Turning to the question of whether
fi(x) is irreducible over Q, we see that v2(Disc(fi)) = v2(−4fi(γ)) = 3. As fi is quadratic, this
implies that fi(x) is irreducible over Q. Therefore, by Lemma 7.2, fi(x) is stable over Q.
Next, we remark that by construction, fi(γ) = −f
i
i (γ). Moreover, −fi(γ) is a square in K1, as
Disc(fi) = −4fi(γ). But by Lemma 7.1, this implies that Ki/Ki−1 is not maximal, as f
i
i (γ) is then
a square in Ki−1.

Remark. Proposition 7.4 serves as an apt illustration of Theorem 6.3. Since the fi are all affine
conjugate to one another, we see directly that the upper bound on the largest element of the
Zsigmondy set (associated to the critical orbit) depends on how h(fi) compares to the height of fi
in the moduli space of quadratic rational maps. Proposition 7.4 shows that an answer to Question
1.3 requires more than just a bound on the greatest n such that Kn/Kn−1 is not maximal.
Finally, we derive Theorem 7.3 from Theorems 6.1 and 6.2.
Proof of Theorem 7.3. We first formulate the following analogue of Lemma 3.2 for the special case
α = γ. The only difference lies in the assumptions on the coefficients of f ; here, we do not require
c− γ ∈ OK .
Lemma 7.5. Let K be a number field, and let d ≥ 2. There exists a κ = κ(d,K) > 0 depending
only on d and on K such that
h(fn(γ)) ≥ κdnmax{1, h(c − γ)} −
1
d− 1
(h(c − γ) + log 2)− h(γ)− log 2
for all f(x) = (x− γ)d + c ∈ K[x] such that γ has infinite forward orbit under f .
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The proof of Lemma 7.5 proceeds similarly to that of Lemma 3.1, with the added observation
that from the proof of Theorem 1 of [8], it follows that if f(x) = xd + c ∈ K[x] is non-PCF, then
there exists a κ > 0 depending only on d and on K so that
hˆf (0) ≥ κmax{1, h(c)}.
Next, we note that as α = γ, the primes p of OK with vp(f
n(γ)) < 0 must satisfy either vp(α) =
vp(γ) < 0 or vp(c) < 0. But this, along with Lemma 3.1, was the only consequence of having
c−γ ∈ OK that was used in the proofs of Proposition 4.2 and 5.5 (and thus indirectly, in Theorems
6.1 and 6.2). For the appropriate number fields K, therefore, Theorems 6.1 and 6.2 hold over all
maps of the form f(x) = (x− γ)d + c ∈ K[x] in the special case α = γ.
Suppose d ≥ 3. Let ǫ > 0, and let N2 be such that h(d) <
ǫ
4h(f
n(γ)) and h(c)+h(γ) < ǫ4h(f
n(γ))
for all n ≥ N2 and all f(x) = (x − γ)
d + c ∈ K[x] with ν(f) ≤ τ . (Such an N2 exists by Lemma
5.1, and by inequalities (8) and (10).) Assume ǫ is sufficiently small, as was required in the proof
of Theorem 6.1, let δ = ǫ/2, and let N1 and Nτ,δ be as in the proof of Theorem 6.1. Then (28)
applied to α = γ reads ∑
p∈Yprim
Np > h(d) + h(c) + h(γ)
for all n ≥ N = max{N1, N2, Nτ,δ}. It follows that for all such n, f
n(γ) has a multiplicity 1
primitive prime divisor pn such that vpn(d) = vpn(c) = vpn(γ) = 0. From Lemma 2.6 of [11] we
have
Disc(f i) = ±dd
i
(Disc(f i−1))(f i(γ))d−1.
The primes q in OK for which f
i has some coefficient with negative q-adic valuation must satisfy
either vq(γ) < 0 or vq(c) < 0. On the other hand, if no coefficient of f
i has negative q-adic valuation,
then q ramifies in Ki only when q divides Disc(f
i). Hence the conditions on pn imply that for all
i ≤ n− 1, pn does not ramify in Ki. From this, we conclude that for all n ≥ N , f
n(γ) is not a p-th
power in Kn−1 for any p | d. By Lemma 7.1, the extension Kn/Kn−1 is maximal for all n ≥ N .
The proof in the case d = 2 follows similarly.

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